In this paper we study groups in which every subgroup is subnormal of defect at most 3. Let G be a group which is either torsion-free or of prime exponent different from 7. We show that every subgroup in G is subnormal of defect at most 3 if and only if G is nilpotent of class at most 3. When G is of exponent 7 the situation is different. While every group of exponent 7, in which every subgroup is subnormal of defect at most 3, is nilpotent of class at most 4, there are examples of such groups with class exactly 4. We also investigate the structure of these groups. 
398
Gunnar Traustason [2] An element x in G is called a left Engel element if for each g e G there exists a positive integer n(g) such that (1) [
•••[[g,*],*L • • • , * ] = !•
If n = n(g) in (1) can be chosen independently of g, then we say that x is a /e/f n-Engel element. We define right Engel elements similarly. An element x in G is called a ng/zf £nge/ element if for each g e G there exists a positive integer n (g) such that (2) [
•••[[x,glg],---,g] = l. nig)
If n = n(g) in (2) can be chosen independently of g, then we say that x is a Wg/tf n-Engel element. If every JC e G is a left Engel element, we say that G is an Engel group and if furthermore every x e G is a left «-Engel element, we say that G is a n-fnge/grow/?. It is a well known fact that for a finite group G the following are equivalent:
(1) G is nilpotent. The only difficult part is that the first statement follows from the last. This was proved originally by Zorn [19] . For infinite groups these properties need not be equivalent although it is easy to see that (1)=^(2)=K3)=K4). It is known that no two of these properties are equivalent. An example of a non-nilpotent group satisfying (2) was constructed by Heineken and Mohamed in 1968 [10] . It is much easier to find an example of a group G satisfying (3) but not (2) . One could for example take G to be the standard wreath product of the group of order 2 with the countably infinite elementary abelian 2-group A. This group satisfies (2) but A is not subnormal. By Golod's example [4] we have finitely generated Engel groups that are not nilpotent. However every group satisfying property (3) is locally nilpotent (every subnormal locally nilpotent subgroup is contained in the Hirsch-Plotkin radical and since every cyclic subgroup is subnormal, the Hirsch-Plotkin radical is the whole group) so (4) does not imply (3) .
The groups satisfying (3) are called Baer groups. If every cyclic subgroup in G is subnormal of defect at most n then we say that G is an n-Baer group or a B n -group. Under the stronger hypothesis that every subgroup of G is subnormal of defect at most n, we say that G is a £/"-group. By a theorem of Roseblade [14] , every U n -group is nilpotent and the nilpotency class is bounded by a function only depending on n. [3] On groups in which every subgroup is subnormal of defect at most three 399
This function is however still not well understood. It is easy to see that every group of class n is a U n -group and of course every U n -group is a B n -group. It is also not difficult to see that every B n -group is an (« + 1)-Engel group.
Much is known about these classes for some small values of n. It is obvious that a group is a B\ -group if and only if it is a U\ -group. These groups are called Dedekind groups and their structure is well known [2, 3] . A group G is a Dedekind group if and only if G is either abelian or the direct product of a quaternion group of order 8 and an abelian torsion group without elements of order 4.
2-Engel groups are also well understood. A group is a 2-Engel group if and only if the normal closure x c of an arbitrary element is abelian. Moreover every 2-Engel group is nilpotent of class at most 3 [12] . 2-Baer groups are closely related to 2-Engel groups. It follows from Levi's result that every 2-Engel group is a 2-Baer group. Furthermore Heineken [9] and Mahdavianary [13] have shown that if G is a Z? 2 -group then G is centre-by-2-Engel and nilpotent of class at most 3. 3-Engel groups are much harder. Heineken [8] has proved that a 3-Engel group is nilpotent of class at most 4 if it has no element of order 2 or 5. There are 3-Engel 2-groups and 5-groups that are not nilpotent. In fact there is a 3-Engel 5-group that is not soluble [1] , whereas Gupta [5] has shown that 3-Engel 2-groups are soluble. In 1972 Kappe and Kappe [11] gave a characterisation of 3-Engel groups which is analogous to Levi's theorem on 2-Engel groups. They showed that the following are equivalent:
G is a 2-Engel group for all x e G.
(3) For all x € G we have that x G is nilpotent of class at most 2.
Property (3) implies that a 3-Engel group with r generators has nilpotency class at most 1r. Gupta and Newman [7] have shown that 2r -1 is the best upper bound when r > 3. It also follows from property (3) that every 3-Engel group is a 3-Baer group. Relatively little is known about 4-Engel groups. It is even still an open question whether they are locally nilpotent. Some partial results can be found in [16] and [17] . In this paper we will be looking at the class of f/ 3 -groups. In general, the class of £/ 3 -groups is contained in the class of 4-Engel groups. We will however see later that if one adds the further restriction on a f/ 3 -group that it is either torsion free or of prime exponent, then the group is a 3-Engel group. Our main results are the following. Since every group that is nilpotent of class at most 3 is in £/ 3 , these two conditions are actually equivalent. The prime 7 turns out to be exceptional. For this prime we get the following structure theorem. The groups of exponent 7 can also be described in terms of certain groups G(r, 1) in U 3 that will be constructed later.
THEOREM 4. Let r > 3 and let Gbeanr generator group of exponent 1 in i/ 3 that is nilpotent of class 4. Then G is a homomorphic image ofG(r, 7).
When r = 3 we will see that the situation is quite simple. THEOREM 5. There is exactly one group of exponent 1 in £/ 3 that has 3 generators and nilpotency class 4. This is the group G(3, 7).
We will also give a complete classification of all groups G of exponent 7 in f/ 3 that are nilpotent of class 4 and which are minimal with respect to that property in the following sense: every proper quotient of G is nilpotent of class at most 3. In particular we will see that there are no such groups of even rank and for an odd integer n > 3 there are exactly (n -l)/2 such groups of rank n.
Upper bounds for nilpotency classes
As we pointed out in the introduction, every 3-Engel group is a 3-Baer group. The converse holds when G is either torsion free or of prime exponent. LEMMA 1. Let G be a n-Baer group which is either torsion free or of prime exponent. Then G is a n-Engel group. [u, c, c, v] .
Since all the factors on the right hand side are in (u,c) ( C 3 ) , the same is true for [v, cf[v, c, cf[c, v, v] Y for some integers r, s, a, p\ y. Since [u, [v, c, c] ] e Z(G),
As [u, [v, c, c] ] ^ 1, we must have r = s = 0 (modulo p when G is of exponent p). Therefore
which implies as before that a = 0. So [c, v, v] y .
If y = 0 then fi ^ 0 (modulo p when G is of exponent p) and 1 = [u, [v, c, c] , u] = [u, [v, c, c] ]~p which would imply that [u, [v, c, c] ] = 1. Hence we must have y^O .
Simple calculations give the rest of the lemma. [7] On groups in which every subgroup is subnormal of defect at most three 403 PROPOSITION 1. Let G be a group in f/ 3 that is either torsion free or of prime exponent. Then G is nilpotent of class at most 4.
PROOF. The proposition is obviously true when G is of exponent 2. It is also well known that all groups of exponent 3 are nilpotent of class at most 3. We can thus assume that G is not of exponent 2 or 3. Since G is locally nilpotent it is sufficient to show that y 5 (G) < y 6 (G). We can thus assume that G is nilpotent of class at most 5.
We 
for all x, t, y, z G G. In particular we have
Interchanging x and t in this last identity, using (3), gives 
. From the Hall-Witt identity we then have
Therefore y s (G) < y 6 By Lemma 4 we can assume that c has been chosen such that
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700039240
We see next that [b, [c, d, d]] € Z(G). We apply Lemma 4 again for H -G/Z{G). From that lemma we would have that [b, [c, d, d}} $ Z(G) implies that [d, c, c] g Z{G). But this contradicts (5). Hence [b, [c, d, d]] e Z(G) and similarly
which is the contradiction we were looking for. So [x, t, [y, z, z]] = 1 for all x, t, y, z e G and the proposition has been proved.
REMARK. From Heineken [8] we already know that every {2, 5}-torsion free 3-Engel group is nilpotent of class at most 4. The proof of Proposition 1 is thus only needed for groups of exponent 5.
All the groups in Proposition 1 are 3-Engel groups. As a corollary we get the following generalisation.
THEOREM 1. Let G be a 1-torsion free 3-Engel group in f/ 3 . Then G is nilpotent of class at most 4.
PROOF. By Gupta and Newman [7] , every 2-torsion free 3-Engel group G has the property that ysiG) fl G 5 = {1}. So any 2-torsion free 3-Engel group is a subdirect product of a nilpotent 3-Engel group of class at most 4 and a 3-Engel group that is of exponent 5. Now let G be a 2-torsion free 3-Engel group in U 3 . It follows from Proposition 1 that ys(G) < G 5 and since y 5 (G) (1G 5 = {1}, we deduce that
REMARK. It is interesting that while the prime 5 is exceptional for 3-Engel groups in general [1] , this is no longer the case when we are in the subclass of 3-Engel groups inf/ 3 .
When G is not of exponent 7 more can be said. We will see in the next section that 7 is exceptional. THEOREM 2. Let G be a group in U 3 that is either torsion free or of exponent p where p is a prime not equal to 1. Then G is nilpotent of class at most 3.
PROOF. AS we noted in the proof of Proposition 1, this follows easily if G is of exponent 2 or 3. We therefore exclude those possibilities as well as exponent 7. Since 2-Engel groups without elements of order 3 are known to be nilpotent of class at most 2 [12] , we only need to show that G satisfies [y, z, z, x] = 1 for all x, y, z e G. Proposition 1 tells us that G is nilpotent of class at most 4. As in the proof of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700039240 [9] On groups in which every subgroup is subnormal of defect at most three 405 for all integers r. Since the group is not of exponent 7 this gives a contradiction when G is of prime exponent. In the case when G is torsion free, we argue similarly. As
for all r, we conclude that 6 -14r divides 6 for all integers r which is absurd.
Groups of exponent 7 in t/ 3
In the previous section we saw that groups of prime exponent p in f/3 are nilpotent of class at most 3 when p ^ 7. In this section we will see that there are groups of exponent 7 that are nilpotent of class 4 and we will investigate their structure. Let G be a group of exponent 7 in U 3 that is nilpotent of class 4. , b x , c) [G, G] such that:
c,c]]) = T; (2) [c,h,h] e Tforallh e {a,b)[G,G]and[c, h, h] = 1 ifandonlyifh e [G,G];
From (1) and (2) use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700039240
[11]
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Now let a and b satisfy the conditions given in We are now ready to state and prove the first structure theorem of this section.
Now Lemma 3 gives us that [a,k,h,k] = 1 and thus
[h,k,k] = [ah,k,k] = 1.
Next suppose that [h, [k, c, c]] -1 but that [h, [b, c, c]]^\. Then [h, [bk, c, c]] and [h, [b~lk, c, c]] are nontrivial as well and by the first case we can deduce that [h, b, b] = [h, bk, bk] = [h, b~xk, b~lk] = 1.

Then from Lemma 3 we also know that
[h, b, k, b] = [h, k, b, b] = 1. Therefore 1 =[h,bk,bk][h,b~lk,b- ] k] =[h, k, k][h, k, b][h, b, k][h, k, b, k][h, b, k, k] [h, k, k][h, k, b]~l[h, b, k]~{[h, k, b, k]~l[h, b, k, k]~l =[h,k,kf.
Finally we are left with the situation when [h, [k, c, c]] = [a, [k, c, c]] = [h, [b, c,
THEOREM 3. Let G be a group of exponent 1 and nilpotency class 4 in t/ 3 . Then G is a 3-Engel group which satisfies the following properties:
(1) y4(G) is cyclic of order 7. (1), (2) [G, G] . By Proposition 2 we have that H is a 2-Engel group and thus nilpotent of class at most 2 by Levi [12] . We also have from Proposition 2 that [c, h, h] e j/ 4 
(2) The left 2-Engel elements of G/y 4 (G) form a subgroup H/y 4 (G) of index 7.
Furthermore H is a characteristic subgroup and nilpotent of class 2. (3) The left 2-Engel elements of G form a characteristic subgroup which is equal to Z\G).
Conversely we have that every 3-Engel group of exponent 1 that satisfies
(G) for all h e H and therefore H/y 4 (G) is a set of left 2-Engel elements in G/y 4 (G). Clearly H is of index 7. Also since H is nilpotent of class at most 2, [a, ch, ch, b] = [a, c, c, b] # 1 for all h e H. Then H/y 4 (G) is the set of all left 2-Engel elements and we have proved (2).
Consider some commutator of weight 4 in the generators. If c occurs three times then the commutator is trivial since G is a 3-Engel group. If c occurs at most once then the commutator is again trivial because y^{H) = 1. 
(G) and we have proved (3). Now suppose that G is a 3-Engel group of exponent 7 satisfying (1), (2) and (3). We know from Heineken [8] that G is nilpotent and from (1) that G is nilpotent of class 4. To show that G is in f/ 3 we need to show that [G, K, K, K] < K for every subgroup K of G. Since G is nilpotent of class 4 this is equivalent to [15]
On groups in which every subgroup is subnormal of defect at most three 411 Our next result will establish the existence of groups with the properties given in Theorem 3. We will see that for each cardinal r > 3, there is an r-generator group G(r, 7) of exponent 7 in U 3 that is nilpotent of class 4 and has the further property that every r-generator group of exponent 7 in U 3 that is nilpotent of class 4 is a quotient of G(r, 7).
Let r be a cardinal greater than 2. Let £(r, 7) be the relatively free r-generator 3-Engel group of exponent 7 with nilpotency class at most 4 and let the free generators be {z, x, v, t( : i e 1} where the cardinal of / is r -3. Let H o = {x, y, t t : i e /} and D o = {*,-: i e / } . We define N(r, 7) as the normal closure of the set of following elements: homomorphic image ofG(r, 7) . PROOF. Let G be an r-generator group of exponent 7 in U 3 that is nilpotent of class 4. Then G is a 3-Engel group and we saw in the proof of Theorem 3 that G has a set of generators [c, a, It remains to be proved that y* (G(r, 7) ) ^ 1. Since G (3, 7) is a quotient of G(r, 7) for all cardinals r > 3 it is sufficient to show that y 4 (G (3, 7) ) ^ 1. This is a consequence of our next result.
Finally we let G(r, 1) = E(r, 7)/N(r, 7). THEOREM 4. G(r, 7) is in U 3 and is nilpotent of class 4. Furthermore, if G is an r-generator group of exponent 1 in U 3 that is nilpotent of class 4 then G is a
THEOREM 5.
There is exactly one group of exponent 1 in f/ 3 that has 3 generators and nilpotency class 4. This is the group G(3, 7).
PROOF. Let a = xN (3, 1) , b = yN (3, 1) and c = zN (3, 7) . Then it is clear from the relations (8M12) that We refer to [18] for a discussion of power-commutator presentations. One can check that this power commutator-presentation is consistent so G(3, 7) has order 7 10 and class 4. It is also easy to see that Z(G) = y 4 (G) = (a l0 ). This implies that every quotient of G(3, 7) is nilpotent of class at most 3. By Theorem 4 we have that every 3-generator group of exponent 7 in f/ 3 that is nilpotent of class 4 is a quotient of G(3, 7), therefore G(3, 7) is the only such group.
When r > 4 the situation is much more complicated and we will not attempt here to obtain a detailed classification of the r -generator groups of exponent 7 in f/ 3 . We will however proceed a bit further and analyse closely a certain subclass. The group G (3, 7) has the property that every proper quotient is nilpotent of class at most 3. Our next result gives a complete classification of all finitely generated groups of exponent 7 in U 3 with this property.
We let r and s be some nonnegative integers and as before we let E(3 + 2r + 2s,7) be the relatively free (3 + 2r + 2s)-generator 3-Engel group of exponent 7 with nilpotency class at most 4 and with free generators {z, x, y, f, : 1 < i <2r + 2s}. We recall that G(3 + 2r + 2s, 7) was defined as £(3 + 2r + 2s, 7)/W(3 + 2r + Is, 7) , where N(3 + 2r + 2s,7) was the normal closure of the relations (8)- (12) . We rename the generators t\,t 2 ,... , h r+2s as follows:
for 1 < i < 2r and 1 < j < 2s. We extend AT (3 + 2r + 2s, 7) to a normal subgroup N(r,s, 7) which is defined to be the normal closure of the set of elements (8)- (12) use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700039240 [19] On groups in which every subgroup is subnormal of defect at most three 415
together with the set of following elements: [23]
We define a map / from
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Therefore G(r, s, 7) has rank 3 + 2r + 2s and order 7 1 0 + 4 r + 2 j .
(2) Notice that G(r, s, 7) always has odd rank. For a given odd integer n > 3 there are exactly (n -l ) / 2 groups of exponent 7 in f/3 which have rank n, are nilpotent of class 4 and of which every proper quotient is of class at most 3. These groups have orders 7 7+ ", 7 9 + n , . . . ,T +2n .
(3) Suppose that n > 3. Let N be a maximal element in {U < G(n, 7) : G(n, 1)/U is nilpotent of class 4 and has rank n}.
It follows from Theorem 6 that G(n,7)/N = G(r,s,7)
x M{t) where 3 + 2r + 2s + t = n and M(?) is an elementary abelian group of exponent 7. We have that where 1 < i, m < t, 1 < j < 2r and 1 < / < 2s.
